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ASYMPTOTICS OF DESCENT FUNCTIONS

KAAREL HANNI

ABSTRACT. In 1916, MacMahon showed that permutations in S, with a fixed
descent set I are enumerated by a polynomial dy(n). Diaz-Lopez, Harris,
Insko, Omar, and Sagan recently revived interest in this descent polynomial,
and suggested the direction of studying such enumerative questions for other
consecutive patterns (descents being the consecutive pattern 21). Zhu studied
this question for the consecutive pattern 321. We continue this line of work by
studying the case of any consecutive pattern of the form &£,k —1,...,1, which
we call a k-descent. In this paper, we reduce the problem of determining the
asymptotic number of permutations with a certain k-descent set to computing
an explicit integral. We also prove an equidistribution theorem, showing that
any two sparse k-descent sets are equally likely.

Counting the number of k-descent-avoiding permutations while condition-
ing on the length n and first element m simultaneously, one obtains a number
triangle fi(m,n) with some useful properties. For k = 3, the m = 1 and
m = n diagonals are OEIS sequences A049774 and A080635. We prove a kth
difference recurrence relation for entries of this number triangle. This also
leads to an O(n?) algorithm for computing k-descent functions.

Along the way to these results, we prove an explicit formula for the distri-
bution of first elements of k-descent-avoiding permutations, as well as for the
joint distribution of first and last elements. We also develop an understanding
of discrete order statistics. In our approach, we combine algebraic, analytic,
and probabilistic tools. A number of open problems are stated at the end.

1. INTRODUCTION

A permutation w € S, is said to contain the consecutive pattern m € S if
there are consecutive indices 7,74 1,...,7+ k — 1 such that the relative ordering of
w(i),w(i+1),...,w(i+k—1) is the same as the relative ordering of 7 (1),...,7(k).
A permutation w is said to avoid the consecutive pattern 7 if it does not contain
w. The study of consecutive pattern avoidance was started by Elizalde and Noy
in 2003 [7], and has received a great amount of study since. In this paper, we are
interested in a slightly different topic, namely the study of permutations containing
a consecutive pattern at some fixed set of indices, continuing a line of inquiry
started by MacMahon in 1916 for the case of descents [11]. In particular, we will be
interested in the consecutive pattern k, k—1,...,2, 1, which we call a k-descent. For
a permutation w € S, and k > 2, we let Dy(w) be the set of starting points of k-
descents in w. By a starting point of a k-descent in w, we mean an index ¢ € [n] such
that w(i) > w(@i+1) > -+ > w(i + k — 1). For instance, for w = 638541972 € Sy,
the set of starting points of k-descents in w is Dy (w) = {3,4, 7}. Our main objects
of interest are defined as follows.
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Definition 1.1. For n € ZT and I C Z* a finite set, we let
Di(I,n) ={w € Syp: Dp(w) =1} and di(I,n) =|Dr(I,n)|.
We call di,(I,n) the k-descent function.

The case of k = 2 has received a considerable amount of interest. MacMahon
[11] proved that for fixed I, di(I,n) is a polynomial in n (for all n sufficiently large);
the function di(I,n) is known as the descent polynomial. Inspired by the work of
Billey, Burdzy, and Sagan [I] on the adjacent topic of peak polynomials, which has
received a large amount of further study [2][3][4], Diaz-Lopez, Harris, Insko, Omar,
and Sagan [5] recently revived interest in this descent polynomial. Their 2019 paper
led to a number of other recent works on descent polynomials [9][I0][12]. They also
suggested the direction of studying similar questions for other consecutive patterns
(Section 6 part (1) [5]). Zhu picked up this study [16] for the case of the consecutive
pattern 321, i.e. kK = 3 in our notation.

In this paper, we will focus on the study of asymptotics of di(I,n) for k > 3. For
our purposes, it will turn out to be particularly useful to partition the set Dy (I, n)
according to the value of the first element of the permutation.

Definition 1.2. For m,n € Zt with 1 < m < n and I C Z* a finite set, we let
Di(I,m,n) ={w € Syp: Dr(w) =TI and w(l) =m} and dp(I,m,n)=|Dy(I,m,n)|
We call di. (I, m,n) the parametrized k-descent function.

We will particularly care about the special case of I = (), which is exactly the case
of consecutive pattern avoidance. We introduce the following shorthand notations
to avoid notational clutter.

Definition 1.3. For m,n € ZT with 1 < m < n, we let
fe(n) =de(@,n) and  fu(m,n) = dp(0,m,n).

We now give an outline of our paper, stating our main results. In Section 2]
we prove a recurrence relation for fi(m,n) (Theorem [Z2]), which gives rise to
a fast algorithm (thinking of k as fixed, and n,m as parameters) for computing
fe(m,n). Along similar lines, we present a fast algorithm for computing dg(I,n)
for any fixed I (Theorem 27). We also give a bivariate generating function for
fa(m,n) (Proposition 2I4)), and discuss its generalization to other k. In Section [3]
we review some results from the consecutive pattern avoidance literature on the
asymptotics of fi(n). In Sectiond] we derive the asymptotics of fi.(m,n), with the
primary motivation being that this will be crucial in proving our other main results.
However, this can also be seen as a statement about the distribution of the first
element statistic among permutations avoiding k-descents, which in our opinion
can be an interesting result in its own right. Perhaps surprisingly, in the following
main theorem of Section ] we see that asymptotically, the distribution of fx(m,n)
approaches an explicit smooth distribution ¢y, (under the right normalization).

Theorem 4.3l For all k > 3, there is a constant ri, so that for all m,n € Z* with
1<m<n,

(2],
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where
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Using this, in Section [l we prove the following theorem on the asymptotics of
di(I,m) as a corollary of some more precise asymptotic results (Theorem (4] or

Proposition B.5]):
Theorem 5.1} For any k > 3 and finite [ C Z*, there is a constant cy x, such that
de(I,n) = crpfr(n) (1+0(n4).

In fact, the constant ¢y can be computed (or bounded) efficiently, as it is given
by a certain integral formula. This directly settles a conjecture (Conjecture 6.5
[16]) by Zhu, and lets us make partial progress towards Zhu’s Down-Up-Down-Up
Conjecture (Conjecture 6.2 [I6]). To summarize our approach to proving the above
theorem in a few words, the two main ideas are that (1) counting permutations with
a certain property is equivalent to finding the probability that a random permu-
tation has a certain property, and that (2) for a certain property, this probability
should approach a constant as n — oo. In Section [6] we bootstrap from the re-
sults of Section Ml to get a description of the joint distribution of the first and last
element of a k-descent avoiding permutation. Namely, the first and last element
turn out to be (almost) independent — see Theorem for a precise statement.
Finally, in Section [{l we will use this joint distribution result to prove the following
equidistribution theorem.

Theorem[T5l Fizk >3 andr € Z*. Letn € Z+, I, I, C [n] with || = |L2| =,
and no two elements of I being closer to each other than v/n, and similarly for Is.
Then

dk (Il 5 n)

dk(IQ, n)

Restated another way, the content of the above theorem is that for any two
sparse enough k-descent sets I, I> of the same size, the number of permutations
in S,, with descent set I is (almost) the same as the number of permutations with
descent set I. This resolves a conjecture (Conjecture 6.1 [16]) by Zhu, stated for
the special case of kK = 3 and singleton I. On the way to proving this, we use
binomial coefficient sum manipulation and the second moment method to prove a
concentration result for discrete order statistics.

We finish this introduction with a remark on a simple extension of our results.

=14+ Okﬂn (n_a) .

Remark 1.4. Taking complements (the complement of w € S, is w® € S,, defined
by w¢(i) = n+1—w(i)), one obtains results analogous to Theorem[4.3] Theorem (5.1}
Theorem [6.3] and Theorem for the consecutive pattern 1,2,..., k.

2. A RECURRENCE RELATION FOR DESCENT FUNCTIONS

We begin by giving an outline of this section. In Subsection 2] we state and
prove Theorem 2.2 giving a simple recurrence relation for fi(m,n). Next, in Sub-
section 2:2] we discuss how this recurrence allows fast computation of f(m,n).
In Subsection 23] we take some time off to have a strictly heuristic discussion of
what one would expect for the distribution of fi(m,n) just from the recurrence in
Theorem
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We come back to the rigorous path in Subsection [2.4] where we state and prove
Theorem 2.7, which is a generalization of Theorem for Dy (I, m,n) with any I
(Theorem is the case of I = (). As before, we show how this allows fast com-
putation of Dy (I, m,n). We finish this section with some discussion of generating
functions in Subsection

2.1. A recurrence relation for f;(m,n). We start by defining a familiar func-
tion.

Definition 2.1. Let X be the set of all finite length sequences of reals (including
the empty sequence). We define the difference operator A: X — X. For n > 2, A
is given by

A((a17 as, ..., an)) = (a/l — Q2,2 —a3,...,0p—-1 — an)u
and we adopt the convention that for n = 1 and n = 0, A(A) = (), the empty
sequence.

We say that the kth difference of A is AF(A), i.e., the kth iterate of the function
A applied to A.

We define multiplication of sequences by constants and addition of sequences of
the same length componentwise, i.e., like vectors. It will be useful to note for later
that the kth difference is linear:

e for any A € X and scalar ¢ € Z, A¥(cA) = cAF(A);
e for any A, B € X of the same length, A¥(A + B) = A*(A) + AF(B).

We now state the main recurrence theorem.

Theorem 2.2. For any integers k > 2 andn > 1,

AR (Fe(Ln+ k), fo@2n 4+ k), fo(n+ k,n+ k) = (fu(1,n), fr(2,n),..., fr(n,n)).
For the proof, we start from the following more complicated recursive formula.

Proposition 2.3. For any k > 2 and any integers m,n € Z* with 1 <m < n+k,

n _ min(m—1,n) 1
L PRI VY B SR ]
u=1

u=1

Proof. For w € Di(m,n + k), the first element of w is m, and the restriction
of w to the last n + k — 1 indices is an element of Dy (B,n + k — 1). However,
not every element of Dy(m,n + k — 1) can be inserted here — the elements that
cannot be inserted are precisely those that start with a decreasing sequence of
length k& — 1 starting from m’ < m. Writing this out explicitly, we have that
fe(m,n+k) = fr(n+k —1) — |A|, where

A={veDy,(D,n+k—-1):m>v(l)>v2)> - >v(k—-1)}

Fixing some u € [n], we now consider the number of elements v € A such that
the restriction of v to the last n indices starts with u. We can construct any such
element uniquely by choosing the restriction to the last n indices, for which there are
fx(u,n) options, and then choosing values for the initial decreasing subsequence of
length £k — 1. If u > m, then any set of values strictly less than m will be a
suitable choice of values for the initial decreasing subsequence of length k£ — 1, so
the number of options for the subsequence is (’]?__11). If w < m, then the number
of options for values of the decreasing subsequence in v such that the value of the
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first element in w is less than m is still (7;__11), but out of those options, exactly
(M 1) give a decreasing subsequence of length & in v as well (here we use the
fact that v(k — 1) > v(k) <= v(k —1) > u), and hence will give a permutation
not in A. Putting these cases together and summing over u, we get

m—1 min(m—1,n) m—1—u
Al = kaun< ) swn("Y)

from which

min(m—1,n)
fe(m,n+k) = fr(n+k—1)— ka u,n) ( _11> Z fr(u,n) (m;_ll—u> )

u=1
which is the desired formula. O
Theorem follows with some sum manipulation.

Proof of Theorem[2Z2. By Proposition and linearity of AF,

AR ((fr(myn + k) m=1,...ntk) = A" (fe(n +k = 1))m=1,...nsk)

_ uz::l Sre(u,n)Ay <<<7Z—_11)>m—1n+k>

min(m—1,n)

sar( (X A" T

u=1 m=1,...,n+k

The first term is a constant sequence, so its kth difference is the all Os sequence 0.
The second term is 0 as well, since

(o) 2 (GE)) =2 ()
k -1 m=1,..n+k k -1 m=1,..n+k—1 O m=1,..n+1 '

Here, we used the binomial coefficient identity (,”,) = (7=) + (7=,). For the
third (final) sum, a similar thing happens for all terms except the last summand.

We start by finding the first difference:

min(m—1,n) m—1—u
A Z fr(u, n)< b1 )
u=1

m=1,..., n+k

min(m—1,n)

IS fk<u,n>(m ;_12‘“) +nmgnfk<m,n>(k81)

u=1 m=1,..., n+k—1

Note that (kﬂl) = 0, so we are left with just the sum term. As we take successive
differences (formally by induction), this pattern continues: after taking ¢ < k finite
differences, we get the same sum with £ — 1 — £ replacing k — 1 in the binomial
coeflicients, as well as a leftover term of ( kE Z), which is 0. In particular, after doing
this £ — 1 times, we have k — 1 replaced by 0 in the binomial coefficients, which
means that the matching index terms cancel with the next A. The only nonzero
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contribution comes from the leftover term of fi(m,n) (8) = fr(m,n). Hence, we
arrive at the desired

A" ((felm,n A+ B))met,conk) = (Fo(m,n) g
(]

2.2. Fast computation of fi(m,n). Theorem lets us compute the values of
fr(m,n) for all m,n with 1 <m <n < N, in O(kN?) arithmetic operations. That
is, we are computing ©(N?) numbers in O(N?) operations. We think of these
fr(m,n) as forming a triangle of integers, with the first row containing f(1,1),
the second containing fi(1,2), fx(2,2), and so on. See Figure [1 for a picture of
this layout, and Figure [2] for this triangle for £k = 3. The first k£ rows are easy to
find; namely, for any 1 < m < n < k except n = m =k, fr(m,n) = (n — 1)},
and fr(k,k) = (k—1)! =1 (so for n < k, each row can be computed with one
multiplication from the previous row). To find subsequent rows one by one, we use
the recurrence from Theorem 222l Namely, when finding the (n + k)th row, we look
at the nth row, which forms its kth difference. We now compute £ antidifferences
(inverse finite differences) successively. We think of this as first laying out (in a
new triangle) the nth row, which is the kth difference. We now find the (k — 1)th
difference in the row below it, by noting that the last entry in the (k—1)th difference
sequence is 0 (one can observe this in the proof of Theorem 2:2] noting that the
sums cancel), and then filling out the rest of the terms using the row above which
is its first difference. For instance, the nth element of the second row is the last
element of the second row minus the nth entry in the row above; the (n — 1)th
element of the second row is the nth element of the second row minus the (n— 1)th
entry in the row above; and so on, filling the second row backwards. We then
repeat for the third row, using the fact that the second row is its first difference,
except now we start from the first term being 0 — this follows from the fact that
f@n+k) = fi2n+k)=-- = filk—1,n+k) = f(n+k—1). For the
fourth row, the first element is again 0, and we fill it out using the third row
as its first difference. In fact, the first element is 0 for the third up to kth row,
and we fill these out one by one. Each time, we only need < n + k additions to
find the terms in a row. For the (k + 1)th row, we have that the first element is
fe(l,m+ k) = fu(n + k — 1) (this is easy to see combinatorially, by noting that
if the first element is 1, the restriction to the last n + & — 1 elements can be any
permutation in Dy (0, n+k— 1)) which can be computed as the sum of the elements
of the previous row of our triangle, but the rest of the procedure is the same as for
previous rows. All in all, given previous rows of the triangle, we have computed the
fe(n+k), fu(2,n+k),..., fs(n+k,n+k) row of our triangle in O(nk) additional
arithmetic operations. For the case k = 3, this process is depicted in Figure

2.3. A heuristic calculation of the distribution of f;(m,n). In this subsec-
tion, we will make a non-rigorous calculation for the distribution of fi(m,n). For
this subsection only, let’s assume that f(m,n) is asymptotically given by some
distribution, in the sense that there is @ : [0,1] = R such that fix(m,n) is close to
Lo () fr(n). Note that if fi(m,n) is to approach some continuous distribution
on [0, 1], then the normalization % is needed in this statement, as the entire mass

fx(n) is divided between the n values 1,...,n for m. Geometrically, if the values
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fu(1,1)
fe(1,2) fi(2,2)
fu1,3)  fu(2,3)  fu(3,3)

fe(1,4)  fe(2,4)  fe(3,4)  fe(4,4)

FIGURE 1. It can be convenient to think of fi(m,n) as occupying
such a triangle.

17 17 15 12 9
70 70 65 57 48 39
349 349 332 303 267 228 189

FIGURE 2. The triangle from Figure [ for k = 3

17 17 15 12 9
1st antidifference: —-70 —53 —-36 —-21 —9 0
2nd antidifference: 0 —70 —123 —159 —180 —189 —189
= 3rd antidifference: 2017 2017 1947 1824 1665 1485 1296 1107

FIGURE 3. For £ = 3 and n = 5, example computation of the
n + 3th row given the nth row and the sum of the (n + 2)th row,
here k = 3 and n = 8. For each row, the first entry that is assigned
to it is in red. The rest of the entries are computed by taking the
antidifference of the row above. This gives that the next row of
the triangle in Figurelis 2017, 2017, 1947, 1824, 1665, 1485, 1296, 1107.

% are supposed to approach areas of columns of width % under some density
function ¢y, supported on [0, 1], then the area of a column should be %cpk (%) fr(n).

Under this assumption for the distribution of fx(m,n), let’s see what we can
heuristically make of the fact that this distribution should be stable under the finite
difference recurrence in Theorem Each finite difference can (heuristically) be
approximated by the derivative times the gap % So heuristically and ignoring
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terms we anticipate to be lower order, e.g. treating ﬁ as essentially %, we get

b T
d(ka)(k)%fk(n) ~ ok (z) fr(n — k).

From previous work (see Section Bl and Theorem Bl in particular), it is known

that f);f(’;ff)k) ~ r’,jnk for some constant r, > 0. Plugging this into our heuristic

calculation, we get

d* o (z

(d(ka)(k) ~ on(z).
Note that -

x

o~k
is a kth order differential equation. The boundary conditions of the recurrence given
in Subsection Z2suggest the boundary conditions ¢’ (0) = 0, " (0) = 0,...,e*=2(0) =
0, and ©*~1(1) = 0, and there is also the normalization fol o (x)dz = 1. We have
a kth order equation with k boundary conditions, so we would expect there to be
a unique solution, although even this would require work to show rigorously.

But for instance for k = 3, there is indeed a unique solution, and this turns out
to be exactly what we will later (in Theorem 3] rigorously find to be the distri-
bution of f3(m,n). For any k, what we will rigorously find to be the distribution of
fr(m,n) satisfies this differential equation with these boundary conditions (so if the
solution is unique, then the unique solution of this differential equation is indeed
the distribution of f(m,n)). However, our proof of the distribution theorem (The-
orem [£.3)) in Section [ is along very different lines. It remains open whether the
approach described in this subsection can somehow be made rigorous. Perhaps one
could define some operators on a suitable space of functions, and show convergence
to a fixed point. However, we have not been able to carry this out.

2.4. The case of general I. In fact, a similar line of reasoning as in Subsection 2.1]
works for any k-descent set I, as long as the part of the permutation where the
recurrence is derived is away from I. To make this work, we flip our permutations
to bring all the k-descents to the end, and get the recurrence from the first k indices.
We start with the following definition.

Definition 2.4. For I = {iy,... i} CZ* and n > max(I) + k — 1, we define the
n-reverse of I to be

ra(l)={n+2—-k—iy,....,n+2—k—ip}.

We have the following simple observation, with the proof omitted. (Reminder:
Dy, (w) is the set of starting indices of k-descents in w.)

Observation 2.5. Forw € S,, and letting rc(w) € S,, denote the reverse-complement
of w, i.e. (re(w)) (i) =n+1—wn+1—1), we have

Dy (re(w)) = rp(Dg(w)).

The above observation together with the fact that rc: S, — S5, is a bijection
prove the following remark.

Remark 2.6. For k € ZT, finite I C ZT, and n > max(I) + k — 1,
dk(Ian) :dk(rn(l)an)
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With this notation, we can state an analog of Theorem for arbitrary I.
Theorem 2.7. For k > 2, finite I CZ%, and n > max(I U{0}) +k — 1,
AR (de(rpan(D), L,n 4+ k), dp(rrgr (D), 2,n + k) .. de(rppn (), n+ kyn + k)))
= (dg(rn(I),1,n),dx(rn(I),2,n),...,dk(rn(I),n,n)).
Proof. The proof is essentially identical to the proof of Theorem O

2.5. Fast computation of di(I,n). Given Theorem [27] one can repeat the argu-
ment in Subsection Z2to get a Oy ;(N?) algorithm for computing dy (r,,(I),n), and
hence for computing di(I,n) as well, as these are equal by Remark However,
with ¢ := max(I) + k — 1, Theorem 2.7 only allows for fast computation once all
di(rn(I),m,n) are found for t < n < t+k— 1. If these numbers were found naively
by checking all permutations, it would take more than ¢! time, which could be the
bottleneck for practical purposes. However, the computation of these initial values
can also be done much faster using a dynamic programming approach. Namely,
one can start from n = 1 and go up to n = t + k — 1 doing the following. For
each n, m < n, and ¢ < k, we find the number of permutations in S,, that start
with m, have an initial decreasing sequence of length ¢ (and no initial decreasing
sequence of length £+ 1), and do not violate the prescribed descent structure so far.
These values for n + 1 can each be found as a sum of values for n. For instance,
the only way to have an initial decreasing sequence of length ¢ + 1 starting at m
is to concatenate a new larger value to the start of a decreasing sequence of length
¢ starting from m’ < m in the relative ordering on the last n elements. We will
leave the details of figuring out the general case to the interested reader, as it is our
opinion that this is easier to understand by giving it some thought, rather than by
reading a formal description (for instance, we would need to introduce some new
notation just to formally say what it means for a permutation to not violate the
k-descent structure I for n < t).

2.6. Generating functions for f;(m,n). In this subsection, we discuss gener-
ating functions. We are mainly interested in describing the ordinary generating
function (o0.g.f.) of fi(m.n).

Definition 2.8. For k > 2, we let Ti(z,y) be the ordinary generating function for
fe(m,n):

m,n>1

To translate Theorem into the language of generating functions, we will use
the following well-known lemma.

Lemma 2.9. Let k,n € Z+. Suppose AF ((ay,...,ans1)) = (b1,...,bn). Then for

any m € [n],
k
ik
bm = Z(—l)k (i)a/m_;,_i.
=0

Proof. This is true by induction on k. The base case k = 1 is trivial, and the
inductive step is just (lf) + (lfl) = (kjl). ([

Applying this to the expression in Theorem and multiplying everything by
™Ry tE we arrive at the following identity.
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Lemma 2.10. For any k > 3,
a k
fk(m,n)xm+ky"+k — Z(_l)k—i (Z)fk(m +i,n+ k)xm+kym+k,
i=0

Summing this over all pairs (m,n) € Z* x Z* with 1 < m < n, we get
Ty (z,y)x*y* on the left-hand side. As for the terms appearing on the right-hand
side, these have the form Y, _ fu(m+i,n+k)z™ *y"T*_ This is almost equal
to T(w,y)x* "1, except that all terms with m <jorn<korm>n—k+i+1are
missing. To deal with these missing terms, we proceed with a few more definitions.

Definition 2.11. For k > 2, we define Fi(y) to be the ordinary generating function
for fr(n):
Fe(y) =Y fr(n)y™.
n>1

We also define Gy(z) to be the ordinary generating function for fi(n,n+ 1 — £):
Gro(z) = Y frlnon+1—0)2""".

n>0+1

The choices of indices in the definition of Gy ¢(z) may look strange, but this
will be a convenient choice for later. To see how all the missing terms can be
written in terms of these generating functions, first recall from before that fi(1,n) =
fk@2n)=--= fr(k—1,n) = fu(n—1) and fr(k,n) = fx(n — 1) — fx(n — k). For
each fixed value of m < k, consider the sum of missing terms with this m. Because
of the fact we just recalled, any such sum can be written as a polynomial in z,y
times Fj(y). For the missing terms with m > n — k + 1, one can write these as
a polynomial in z,y times Gk nt1—m(xy). As for the missing terms with n < k,
there are only finitely many, so these can be subtracted as a polynomial. Carrying
all this out explicitly (e.g. for some particular k, such as k = 5) is a huge mess,
as for instance one needs to make sure that terms with n < k only get subtracted
once (so really these need to be added back in according to how many times each
term is overcounted by the m < k and m > n — k + 1 sums). Nevertheless, even
without computing all the coefficients explicitly, this argument gives us a functional
equation for Ty (z,y) of the following form:

k
Ti(z,y) (29" — (1= 2)%) = Pe(w, 9) Fi(y) + > Que(@,y) G e(zy) + Ri(x,y),
=1
where Py(z,y), Qre(z,y) (for any ¢ € [k]), and Ri(z,y) are polynomials, and we
used the fact that the coefficients of (1 — z)* = Zfzo(—l)k_i(lf)xk_i match those
in Lemma As zFy* — (1 — 2)* is invertible, we get a functional equation for

Ti(x,y).

Proposition 2.12. For any k > 3, there are polynomials Py(x,y), Qr1(x,v), ..., Qri(z,y),
and Ry(x,y) so that

Pe(2,9) Fi(y) + Xy_1 Que(@,y)Groelzy) + Ri(w,y)
zhyk — (1 — x)*k )

We will now specialize to the case k = 3. We let g3(n) be the number of
permutations in S,, with no 3-descents and no initial descent. Noting that f3(n,n) =

Ti(z,y) =
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g3(n — 1) (since the 3-descent-avoiding permutations starting with n are precisely
concatenations of n with a permutation on n — 1 elements that avoids 3-descents
and does not start with a descent), we get that G 1 defined before is also precisely
the ordinary generating function for gs(n), which we will denote G3 from now on
for convenience:

Gs3(z) =G31(2) = Z gs(n)z".
n>1
This was the motivation for the choice of indexing before. As a side remark, the
facts that fr(1,n) = fx(n — 1) and f3(n,n) = g3(n — 1) provide another reason to
think that the triangle of numbers fj(m,n) is nice — namely, for k = 3, the diagonal
of first elements of rows is the sequence f5(n) (sequence A049774 in OEIS), and
the diagonal of last elements of rows is the sequence gs(n) (sequence A080635 in
OEIS), both of which are well-studied.
The following lemma will help us get a more explicit equation for T5(z,y).

Lemma 2.13. For any n > 3, fs(n,n) = gs(n — 1), fs(n —1,n) = gs(n — 1) +
g93(n —2), and fs(n —2,n) = gs(n — 1) + 2g3(n — 2).

Proof. The first claim was proved earlier. As for fs3(n — 1,n), any permutation
starting with n — 1 and having a 3-descent-avoiding restriction to the last n — 1
indices that does not start with a descent is counted by f3(n — 1,n), and there are
g3(n — 1) such permutations. The only other permutations counted by f3(n —1,n)
start with n — 1 and have n as the second element, in which case there are gs(n — 2)
options for the restriction to the last n — 2 elements. So f3(n—1,n) = gs(n —1) +
gs(n —2).

For fs(n — 2,n), any permutation starting with n — 2 and having a 3-descent-
avoiding restriction to the last n — 1 indices that does not start with a descent is
counted by fs(n — 1,n), and there are gs(n — 1) such permutations. Any other
permutation counted by fs(n — 1,n) has either n or n — 1 as the second element
(and the third element less than the second). The first case is counted by gs(n — 2)
as before. For the second case, the third element cannot be n, so the third and
fourth element must not form a descent (and this is sufficient as well) so this case
is also counted by g3(n — 2). Hence, fz(n —2,n) = gs(n — 1) 4+ 2g3(n — 2). O

The above lemma implies that for kK = 3, the m > n — k + 1 missing terms can
all be expressed in terms of G5 alone. We worked our way through this calculation,
figuring out these polynomials explicitly. The result is the following.

Proposition 2.14.
P(x,y)F: + Q(z,y)Gs(xy) + R(«x,
Ty(o,y) = (z,y)F3(y) G (z,y) 3(31/) (z.9)
a3y? — (1 — )

where P, Q, R are the following polynomials in x and y:

P(z,y) = zy(a®y® — (1 - 2)?),
Q(z,y) = (z — Da’y(ey + x 1),
R(z,y) = (x — Dy ((x = 1)* = 2%y?).

For k > 3, it remains open whether it is possible to reduce Gy ¢ to some small
number of generating functions, and whether the coefficient polynomials appearing
in Proposition 2.12] can be explicitly understood.
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3. ASYMPTOTICS OF fi(n)

In this section, we discuss the asymptotics of fi(n) for &k fixed and n — oc.
This section is mostly review of work by other authors and well-known methods.
In later sections, we will mostly use the following theorem which is a special case
of Corollary 1.4. in [6].

Theorem 3.1 (Ehrenborg-Kitaev-Perry [6]). Fork € Z, k > 2, there are ¢, T,V €
R with 0 < 1k, 0 < c, and 0 < v, < 1, such that

fe(n) = nlegry (1 + Ok(vy)) -

3.1. The value of r3. In this subsection, we re-derive Theorem Bl for the special
case k = 3, both to find the value of r3, but also as exposition of a nice analytic
method for finding asymptotics of generating functions. The reader is referred to
[8] for a much more general overview of this method.

We start with the following exponential generating function (e.g.f.) for f3(n)
(OEIS sequence A049774, e.g.f. given by Noam Elkies [13]):

\/g e1/2
2 sin (@x + %w)

That is, f3(n) is n! times the 2" coeﬁicient of B(x). Note that B(x) is a mero-

morphic function with poles at x = 3 \/_ 6\2/’1 for all £ € Z, and these poles are

B(x) =

simple. The two poles with smallest magnitudes are 1 = 2% and x5 = m. For

3v3
reasons soon to be apparent, we will want to multiply B(z) with a function that
cancels out the pole at x1, getting a function which is holomorphic in a disk around

0 containing ;. We define

Ai(z) =

ﬁ er/? ( 2r —:C)
2 sin(‘?w—i—%ﬂ) 3\/§

Getting rid of the pole at x5 as well, we further define

o () ()

We can use this to express by, the 2™ coefficient of B(z), via A;(x1). We pick
some R € R with |z2| > R > |z1], so 4; is holomorphic in the disk of radius R
around 0. In this disk, we can write A;(z1) as a power series:

oo
x1) = Z a;xy.
i=0
On the other hand, we have the formal power series expansion

1 1 x x?
1+ —+ 2+ -,
L1

xrK, —x xl X

from which

n—1 ao
bp=—+—5++ -
X1 xry xq
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Hence,

o0
1 2 i
bnﬂH_ =ao+ a1x1 + ax] + -+ apal = Ai(x1) — E a;xy,
1=n+1

where we used the fact that the power series converges to A;j(x1) at z1 in the last
equality. Since as n — 0o, Y00 a;xh — 0, we get that b,z — A;(x), from

1=n-+

which

b Al (,Tl)

n ™ x?Jrl .
From here, we already get that in Theorem [B1] r3 = z% = %g, and ¢3 =
Aq(z1) /21 = 32\7/756%. By iterating this procedure once more (with A; () in place
of B(z) and As(z) in place of A;(z)), we get that asymptotically in 4,

@~ A2 (,Tg)

13 xé_;’_l .

Hence, there is some constant C, such that for all i > 0,

C

= T

Using this, we can bound the error term in our equation for b,:

o0
E a;x

bzt — Ay (z1)| =

> c > z \"
< = ) - =
_ZLWH%(72<WO 7

1=n+1 1=n+1 1=n+1
Hence, we can pick 73 = 4 in Theorem 3.1l We will summarize what we just
proved in the next proposition.

Proposition 3.2. We define

Ay =L — " (575 )

2 sin(?z—l—%ﬂ') 3v3

and x1 = 2Z. Then

fa(n) = n!/ijl,lffll) (1 +0 (%ﬂ)) .

3.2. Other r;. We now consider the case of general £k > 3. We start from the
following well-known exponential generating function for fx(n), which appears as
Exercise 23.(b) in Chapter 2 of Stanley’s Enumerative Combinatorics 1 [14].

Proposition 3.3 ([?]). For any k > 3, the following is an exponential generating
function for fi(n):

Bk (n) 1

= vy [ Y

2o ﬁ - m
That is, with by, being the x™ coefficient in the power series for By(n), we have
fk(n) = bkynn!.
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Warlimont [I5] proves that this exponential generating function has a unique
smallest magnitude pole and that this pole is simple. Together with an analogous
standard argument to what we just showed for k¥ = 3, this implies that r; (in
Theorem[3.) is the reciprocal of the smallest magnitude root of 3, (””k—);;! - %.

Warlimont also provides bounds on r;. We state all of this in the next proposition.

Proposition 3.4 (Warlimont [I5]). For any k > 4, the constant ry, in Theorem [31]
is the unique smallest magnitude pole of By. Furthermore, we have the following
bounds:

1 1 1
1+=-1—-glk) < =<1+ =(1+h(k
where
kl+1 2(k+1)
g(k) = 7> k)= 3777
(k+1)!+1 El—2(k+1)

The first three values are ;- = 327”3 = 1.209199576..., ;- = 1.038415637.. .,
and % = 1.007187547786. .. (given by Kotesovec on OEIS sequences A049774,
A117158, and A177523, respectively) [13].

We finish this section with another remark. There is a trick which lets us rewrite
the aforementioned infinite sum in a finite form. We start from an identity which
can be proven by expanding all terms on the RHS as infinite series:

00
xkf

1 T W wh=1
=0 )
2mi

where w, = ™% . Integrating both sides, we get

e ké+1
3 Moy Lomo g Lot
Wi wy,

Z (k(+1)! K

Subtracting the second from the first, we get

1 o l 1— i ewkz + 1— i ewim + + 1 — L ew’;*lz
Bk(I) o k Wi w,% wllzfl '

4. ASYMPTOTICS OF fx(m,n)

4.1. Two propositions on fi(m,n). In this subsection, we present two proposi-
tions on fx(m,n). The first one is a nice fact about fi(m,n) which will be needed
to finish the proof of Theorem [£.3] later.

Proposition 4.1. For any k> 2 andn € Z™,

Proof. For 2 < m < n and any w € Dy(0,m,n), switching m and m — 1 in w
gives w’ € Dy (B, m — 1,n), since no k-descent can be created by this operation.
Furthermore, w — w’ is injective because w can be uniquely recovered from w’ by
switching m and m — 1 in w’. Hence, fi(m,n) < fr(m —1,n). O

The second proposition will be crucial in deriving the asymptotic distribution of

fe(m,n).
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Proposition 4.2. For any k>3 and m <n € Z%,
m—1 m—1 m—1 m—1
fe(m,n) = ( 0 )fk(n—l)— (k B 1>fk(n—k)—|—( i )fk(n—k—l)— (Qk B 1> fe(n=2k)+---.

For k = 3, one can prove this by observing that in Proposition 214l the G(zy)
and R(z,y) terms will only contribute to coefficients of z™y"™ with m > n. So
f3(m,n) is just given by the coefficients of %

following combinatorial proof.

. For general k, we give the

Proof. Let us consider the right-hand side of the equation we want to prove. We
think of the first term, (mo_l)fk(n — 1), as counting all permutations that start
with m and for which the restriction to the other n — 1 indices is a permutation
in Dy(0,n — 1). We think of the second term, (7'"!)fx(n — k), as counting all
permutations that start with a decreasing sequence of k elements beginning at m,
and the restriction to the other n — k indices is a permutation in Dy (0, n — k). We
think of the next term, (mk_l)fk (n—k—1) as the same except the initial sequence is
now of length k4 1, and so on. Let us consider how many times each permutation
in S, gets counted, taking signs into account. If a permutation does not start with
m, then it is clearly not counted by any term. If a permutation starts with m
and contains a k-descent somewhere not in an initial decreasing sequence, then it
does not get counted by any term. If a permutation starts with m, avoids k...1
except in the initial decreasing sequence, and has an initial decreasing sequence of
length t > k, it gets counted in exactly the terms with (mgl) with the two maximal
values ¢ < t; since these have opposing signs, these counts cancel each other. If a
permutation starts with m and avoids k-descents, then it is counted exactly once,
namely by just the first term. This covers all the cases. Hence, the right-hand side
counts the number of permutations starting with m and avoiding k-descents, which
is equal to fr(m,n) by definition. So the right-hand side is equal to the left-hand

side, completing the proof. (I

We remark that one can also derive the kth difference equation (Theorem [2:2))
from Proposition

4.2. The asymptotic distribution of fi(m,n). We now prove the following the-
orem which describes the asymptotic distribution of fi(m,n). The content of this
theorem is that as n — oo, the mass of fj(n) is distributed among f(1,n), ..., fr(n,n)
according to an explicit distribution @y (%) — crucially, this distribution does not
depend on n (after the appropriate normalization of %)

Theorem 4.3. For all k > 3, with ri, from Theorem [31l, for all m,n € Z* with
1<m<n,

nfe(m,n) _ Ok (%) (1+ 0k (n"%)),

fr(n)
where
1 (x/ri)" 1 (fr)F (/) (/)
9"’“(:”):5(1_ (k—kl)! ST (2kk—1)! + (21:)! _)

We note that the exponent —0.49 is just chosen for clarity, and our proof really
gives something slightly stronger.



16 KAAREL HANNI

Remark 4.4. In Theorem 3] the exponent —0.49 can be replaced by any a >
—0.5.

Given Proposition 4.2l and Theorem [3.1], the proof of Theorem [4.3]is just algebra
and analysis.

Proof of Theorem[{.3 Plugging the expression for fi(n) from TheoremBdlinto the
expression for fi(m,n) in Proposition [£2] we get

n

_(m—1 ne1yy _ (m—1\ (n—k)!
stm = (" o6p ) - (72 et 1 oep )

m—1N\(n-k-1)! . b1 m—1\(n—2k)! _, n_2
+< 2 )W oM ))—(%_1)m PO

Our proof strategy will be to first show that the terms with ¢ > logn are negli-
gible, then estimate the terms with ¢ < logn just for the case m > /n, and then
complete the proof for the remaning m < /n case using analytic arguments and
Proposition &1l We will state whenever we restrict to a particular case. We start
by consider a general term; it has the following form:

<m€— 1> (n(;fz)!l) L1 0(EY)

(m=1)-(m—0) ;""" »
= 1 O n .
n=D =g @ LT
We use the fact that ¢! > (é)n, the fact that m < n implies that 7]:; <1, and
the fact that £ < n implies that 14+O0(y;~*) < C (where the constant is independent
of £) to upper-bound such a term:

(m—1)(m=0r"" n— C (e/ri\’
n—1)---(n—10) g! (1+ 00, e))ga(Tk)

For ¢ > logn we further bound this:
1
G/T‘k < (?/7“1C ogmn C IOg ;zo/;z . gn_ log }ncl)cg/z
T 14 - logn T Tk '

Hence, the contribution of all terms with ¢ > logn is at most n times the contri-
bution of one such term (since there are at most n terms), totaling to

O (n e W7 ).

Let us now focus on the case m > y/n and £ < logn. We bring our attention back
to a general term. Note that

(") = (o ()
o = (1o (7))

Hence, with these bounds on ¢ and m, a general term is

and

J4
<m€_1>% —f— 1(1—|—O( )) —%@(14_0(”0.49))'
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Now, comparing the sum of the first logn terms in the initial sum for fx(m,n) with

the sum
k—1 k 2k—1
1 (mi) (mi) (mi)
I k k _ k

. (& — 1) k! 2k — 1)!

+ .. ,

where the sum goes up to the largest ¢ < logn, we note that the difference is upper
bounded by (1 +0 (n_0'49)) times the sum of absolute values of these terms. It is
still upper bounded by the same thing with the finite sum replaced by an infinite
sum, which is equal to some constant between % and %e% (just by comparing
terms). This observation together with our previous bound on the contribution of
terms with ¢ > logn implies that

nfr(m,n) 1 1 (%%)k_l (%%)k _ (%%)%_1 +oo | 4 0m019),

(2k —1)!

fen) (k—1)! k

logn
where we used the fact that O (n_log#—kl = O(n=9%9). Now we proceed to

bound the difference between the series cut off at logn and the corresponding
infinite series. The sum of absolute values of tail terms (after logn) can be upper-

m 1 \lesm m 1
1 nore n T

T (og T and ratio Tog
@) ((6/”) ) = O0(n™%%9), as argued before. Hence,

logn
nf;i?(?:)n) — o (%) +O(n0),

. This is

bounded by a geometric series with first term

with

1 (/)" @) @)
__<1_ (ESE) R Rty e

with the series being infinite now.

We still need to deal with the case m < y/n. In order to do so, we analyze
the function @i (z). Note that for x € [0,1], ¢x(z) is non-increasing. One can
see this by showing that the derivative is non-positive by taking the derivative
of the series, pairing up consecutive terms, and using the fact that % < V2,
implied by Proposition [3.4] and a manual computation for k& = 3, to show that
each successive term is smaller in magnitude. A similar pairing argument gives
that the second derivative is negative, and that ¢5(1) > 0. We now deal with

the case m < y/n. In that case, by Proposition @Il the value of ni ’}(an;L), is at

most n;’;((z;l) = nf;:?n_)l) =+ (1+ O(y™")), and at least %‘(/g") By what we

have already proved, this lower bound is ¢y, (@) +0(n=%49). Since the first and

second derivatives of ¢y (x) are both negative, the magnitude of the first derivative

of ¢y, is upper-bounded by |¢}.(1)|. This is a constant, so ¢y, (@) +0(n %49 =
0r(0) +0(n=0%) = % +O0(n™%%). Also, for m < \/n, pp(2) = % +0(n=%%). By
combining the upper and lower bounds with this estimate, we thus get n ]}iTn;l) =

or (22) + O(n019).
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So far, we have proved that for all m < n,

nfr(m,n) (m) —0.49

—_ = — ) +O0(n="*).
Ji(n) 7\ ( )

We can finish the proof by noting that there is a uniform lower bound on ¢y (z),

namely ¢k (z) > @r(1) > 0. With this, we arrive at the desired result:

M) — gy () 1+ 0670 ),

O

Before moving on, we note that in analogy to what we did at the end of Section 3]
one can instead write ¢ (z) in the following finite form.

27i

Proposition 4.5. We let wy = e & . For any k > 3,

1 _
oule) = 2 (1 =)o + (1) et oop (1) k7))
Tk
By comparing power series expansions, one can write down something quite
simple for the case k = 3.

Proposition 4.6.

ps(x) = 4§/ BV sin((@ + 1)7/3)

Figure [ shows a plot of 5.

We will now argue that as k& — oo, the sequence of functions ¢ converges
pointwise (and uniformly) to the constant function 1. One can prove this by using
Warlimont’s bounds on r; from Proposition [3.4] to bound the contribution of all
terms after the first term of the series expansion for ¢y given in Theorem
Namely, all terms appearing in the series expansion for ¢y (z) also appear in the
series expansion for e*/™  and as % < /2, the absolute value of each term is

upper bounded by the corresponding term in the series expansion for eV2. Since
this series expansion converges, the tail sum goes to 0, and as k& — oo, all non-
zero terms of the expansion for ¢j are contained in a tail sum starting further
along, and hence have contribution going to 0 (and this is uniform over z € [0, 1];
alternatively, one see that pointwise convergence implies uniform convergence from
the fact that ¢r(0) = % and @ (z) is decreasing in [0,1], so it suffices to show
pointwise convergence to % for z =1).

So limg_ 0 (gpk — %) is 0. Again, using Warlimont’s bounds (or just that ¢

has integral 1), % — 1, so we get that limg_oo ¢ is 1. One would expect that

avoiding k-descents says less and less about the first element of a permutation as k
becomes larger, so this result matches with intuition.

5. ASYMPTOTICS OF di(I,n)

In this section, we prove that if we fix a finite set I C Z%, then d(I,n) is
asymptotically given by an integral formula, and that this allows for efficient de-
termination of the asymptotics of d(I,n). As a consequence, we will prove the
following theorem.
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1.2 - .

0.8 n

p3(x)

0.6 |- 1

0.4} B

FIGURE 4. Plot of @3

Theorem 5.1. For any k > 3 and finite I C Z, there is a constant cr,k such that
di(I,m) = crkfr(n) (1 + O(n_0'49)) )

Corollaries of this theorem include three conjectures by Zhu; these are Conjecture
3.2, Conjecture 6.4, and Conjecture 6.5 (which is a generalization of Conjecture 6.4)
[16]. Again, the exponent —0.49 can be replaced with anything strictly greater than
—0.5, as will be evident from our proof (together with the fact that an analogous
statement is true for Theorem [A.3]).

Throughout this section, we will think of I as being fixed, and we let ¢ = max(I)+
k —1 (or in other words, ¢ is the index of the end of the last k-descent). We now
start with discussion that will lead to a proof of Theorem (Il Begin by noting
that for any permutation w € Dg(I,n), the restriction of w to the first ¢ indices
has descent set I: it is an element of Dy(I,t). In particular, note that it ends with
a k-descent (this will be useful soon). The restriction of w to the last n — ¢ indices
has no k-descents: it is an element of Dy (0, n — t).

On the other hand, we can construct a (unique) permutation in S,, by picking
some 7 € Di(I,t) to be its restriction to the first ¢ indices; picking some v €
Di(0,n—t) to be its restriction to the last n —t indices; and picking a set of images
for the first ¢ indices — we are choosing a t-element subset of [n], so there are (?)
choices for this last step. All in all, one can construct dy,(I,t)- fr(n—t)- (}) distinct
permutations this way, and by what we argued before, all permutations in dy (I, n)
are among these.

Now, the first piece of bad news is that not every 7 € Dy (I, n), v € Di(0,n — 1),
and choice of t elements from [n] give a permutation w € Dy (I,n). The problem
is that although all indices in I are starts of k-descents in w, it is possible that
w has additional k-descents starting at some other indices; namely, w could have
a k-descent starting at max(I) + 1 or max(I) +2 or ... or max(I) + k — 1 = ¢.
The first piece of good news is that such an unprescribed k-descent occurs in a w
constructed this way if and only if w(t) > w(¢t+1) (this is a consequence of T ending
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with a k-descent). In fact, w(t) > w(t + 1) will turn out to be the sort of event
whose probability we can find using our knowledge of the asymptotic distribution
of fr(m,n), i.e. Theorem A3l

The second piece of bad news is that the permutations in Dj(I,t) might in
general be hard to describe. To counteract this, we have our second piece of good
news: as [ is fixed, there are only finitely many 7 € D(I,¢) (namely, no more than
t!). We will first count the number of permutations w € Dy(I,n) that start with a
fixed 7 € Dy(1,t), and sum over all 7 € Dy(1,t) later. From now on, we will think
of 7 as being fixed, and we will let s = s(7) be the last element of 7, i.e. s:= 7(¢t).
Now, we construct a random permutation w € S,, by picking a uniformly random
set of ¢ elements from [n] for the (unordered) set of values of w(1),...,w(t), setting
their relative order in w to be 7, and then picking a random v € Dy (0, n —t) to be
the restriction of w to the last n—¢ indices. Repeating what we observed before, we
get a permutation w € Dy (I, n) iff w(t) < w(t+1). So the number of permutations
we get this way is

(:L) fe(n — P (w(t) <w(t+1)).

Our next goal is to understand P(w(t) < w(t 4+ 1)). First off, we essentially
know the distribution of w(t 4 1), as we know the distribution of the first element
(Theorem [A.3)) of the restriction to the last n—t indices, and the potential shift by at
most ¢ — depending on the choice of the t-element subset of [n] — is asymptotically
small (namely, O(1/n)). We will now show that the distribution of w(t) is also
simple. The idea is that as n — oo but t stays constant, picking ¢ elements of [n] is
essentially equivalent to picking ¢ uniform [0, 1] random variables (and multiplying
each by n, and rounding appropriately). We really only care about the value of the
sth largest of these. In the case of ¢ uniform [0, 1] random variables, the sth largest
has the following well-known distribution.

Proposition 5.2. Let Uy, Us,...,U; be independent uniform [0,1] random vari-
ables. The sth largest of these is a random variable which we denote U(ts) and call

the sth order statistic. Aty € [0,1], the probability density function of U(ts) 18

t! .
(s— )it —s)? -y

t—s

O (u) =
The next lemma says that in the discrete case, i.e. picking a t-element subset of
[n], the sth largest has distribution close to ®(u) (rescaled appropriately).

Lemma 5.3. Lett > 3 and 1 < s <t be fized, and n € Z+. Let Y be a uniform
random t-element subset of [n], and let Y(ts) be the sth largest element of Y. Then

1 ¢ ~15
P (y(g) - z) = 0! (g) +0(n~19).

Proof. Simply by expanding the brackets and replacing in @, we begin by noting
that it suffices to prove the following.

*(t=0) = s (1) (-5) o).
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Let’s do some counting. If the sth largest element is ¢, then there are a total of
(ﬁj) choices for the bottom s — 1 elements and (’t’:f) choices for the top t — s
elements. Hence,

£—1Y (n—¢

( —1) (?—s)

P(YL =¢) =222

0t =)=

1 t! L-1(-2)---L—s+1)n=On—-L—-1)---(n—L—t+s+1)

T n(s—1)(t—s)! (n—1)(n—2)---(n—t+1) '
We note the identical prefactor in the lemma and the above expression, and we

proceed to compare the last terms of the two products. Namely, it remains to show
that

-1-2)---l-—s+H(n—OOn—-C—-1)---(n—L—t+s+1)
n=1)n=2)---(n—t+1)

= (%)S_l (1 — %)H +0(n%%).

If ¢ < y/n and s > 2, we are automatically done since % on the left-hand side and
% on the right-hand side already imply that both terms are O(n=%%). If £ < \/n
and s = 1, then "n%l;i =(1- %) (1+0(n™")), and the product of finitely many
such terms still gives a multiplicative error term of (1 + O(n~!)), which is better
than the desired bound. By symmetry, the case £ > n — /n is also covered now.
As for the case v/n < £ < n — /n, we then have f;:; =L(1+0(n99)), and
similarly for ”;f;l The finitely many (1 + O(n=%5)) terms still multiply to a

(1+ O(n=%?)) term. This finishes the case check and the proof of the lemma. [

We note that with the notation from before, i.e. 7 being the fixed relative order
for the first ¢ indices, and v being the k-descent-avoiding restriction to the last n—t
indices, v(1) < w(t) < v(1) + ¢, so

w(t) <v(l) = w(t) <wt+1) = w(t) <ov(l)+t,
from which
P(w(t) <wv(l)) <P(w(t) < w(t+1)) <Plw(t) <wv(l)+1t).

This is useful as it lets us deal with the (otherwise) inconvenient detail that we can
understand w(t) and v(1), but we wish to compare w(t) and w(t+1), and w(t+1) #
v(1) (instead, w(t 4+ 1) can be anything in the range v(1),v(1) + 1,...,v(1) + ¢).
We now finally get to use our machinery for w(t) and v(1), i.e. Lemma and
Theorem [L3] We start from

m=1 (=1
Applying Lemma 53] we get
n—t m
fe(m,n —1t) 1., (¢ 15
P(w(t) <wv(l)) = _ —® | — ).
(w(t) <wv(1)) mz::l " — 1) ;n s\ o +0(n™"?)

We sum the O(n~1-%) terms up into a O(n =) and note that the remaining inner

sum is a Riemann sum for the integral fo% ®t(y). Since ®L(y) is a polynomial, it
is continuously differentiable on [0, 1], and by compactness of [0, 1] its derivative
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is bounded, so the difference between our integral and our Riemann sum is n -
O(1/n?) = O(1/n). Hence, we get

B @) < o(0) =000+ - B0 [T
m=1

We now use Theorem 3] getting
Pult) £ o(1) =000+ 3 e (1) (1 0(0)) [ at)

n
m=1 0

1 -0 (n—0.49) o) (7,L—O.49)7

We again pull out a total additive error term of (n—t)- —

which we can do since compactness of [0, 1] implies that ¢y (2 fo" P! (y) is bounded.

n—t
We then again have a Riemann sum, this time for the outer mtegral in fo or(x) meT Dl (y).
Since ®¢ is continuous and bounded (by compactness of [0,1]) and ¢y is continu-
ously differentiable and hence has bounded derivative, the Riemann summed func-

tion ¢ () foz%t ®t(y) is differentiable and has bounded derivative on [0, 1]. So the
difference between our Riemann sum and our integral is O(1/n) as before. Hence,

1 m%
P (w(t) < (1)) = O(n~"4) + / on(x) / B (y).

Finally, by boundedness of ¢ (x)®(y) in the compact [0,1]2, the integral over
a measure O(1/n) subset of [0, 1]? is itself O(1/n), s

1 x
P (w(t) < (1)) = O(n~"4) + / on(x) / B (y).

By an analogous argument, we can also get

B(w(t) < v(1) + 1) = O(n~04%) + / ox(2) / "ot (y).

Combining these two, we get

1 x 1 x
O(n=>49)+ / ou(a) / B (y) < Plu(t) < w(t+1)) < O(n="1)+ / i (@) / B (y).
Hence,
1 x
_ n—0.49 T t .
P(u(t) < w(t +1)) = O >+/0 oul >/0 3 ()

This integral is a positive constant (it is nonzero since @i (x) is bounded below and
! (y) integrates to 1), so we can make the error term multiplicative:

P(w(t) < w(t+1)) = (1+0(n="*)) +/0 ox(z) /0 L (y).

Finally coming back to what we promised a long time ago, we sum over all

7 € Di(I,t), and arrive at the following theorem, which is an integral formula for
dk (I, n)

Theorem 5.4. For fizred k > 3, fized finite I C Z*, and asymptotically inn € Z™T,

di(I,n) = (140 (n=4)) (:L)fk(n—t /0 e / Y el (y)dyda

TEDE(I,t)
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From Theorem [5.4] and Theorem [3.I] proving Theorem [5.1] is easy algebra.

Proof of Theorem [5.1l. We start with

de(I,n) = (1+0 (n7%%)) (?)fk(n—t) /01 gak(a:)/o Z dL ;) (y)dy da.

TEDL(I,t)

Plugging in (}) = (1 + O(l/n))"—t and Theorem Bl we get

t!

dk(I,n):(1+O(n_0'49))(l—i-O(l/n))—tcka Fn—t) (1 +O(v)) /Ogok / Z @, (y) dy da.

TGDk(l t

Only keeping the dominating error term and then using n! = (n—t)!n’ (1 + O(1/n)),
and then again keeping the dominating error term, we further get

di(I;n) = (1+ 0 (n7°%)) exnlrf o t/o or(= / Y. ) dyds

TEDR(I,t)

Using Theorem 3.1l and then only keeping the dominating error term once more,
we arrive at

de(I,n) = (1+ 0 (n™%%)) fk(n)ﬂ . /0 or(x / Z T(t y)dy dz.
TEDE(I,t)

This is what we sought to prove, with

crk = ﬁ/o or(z / Z Pl t) y)dy da.

TEDE(I,t)

O

5.1. A somewhat simpler formula for ¢ ;. We can write down something sim-
pler for cr ;. Namely, we will prove the following.

Proposition 5.5. Let k > 3, let [ CZ™" be a finite set t = max(I) +k —1, and let
. € R be as given in Theorem [Tl Then

1 1 z t
=7 | oo [ autrne+ 1= 5080 dya.
s=1

This might appear more complicated than the previous expression for cr i, but
we have replaced a sum of possibly up to t! terms with a sum of just ¢ terms which
can be understood reasonably well (more on this after the proof).

Proof. Consider
Z ‘I’tf(t)(y)-
TGDk(l,t)

Let us pick some s and count the number of terms with 7(¢t) = s. In other words,
we are counting the number of permutations in Dy(I,t) that end with s. Under
reverse-complementation, Dy (1,t) bijects with Dy(ri(I),t) (see Subsection 2.4 for a
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reminder on this notation). Under the same map, the subset of Dy (I,¢) of permu-
tations ending with s bijects with Dy (ri(I),t + 1 — s,t). This gives the coefficients
in our regrouped sum:

Z fI)T(t de re(1),t +1—5,)0%(y).

TEDR(I,t)

Making this replacement in

cr g = ﬂ/@ or(T / Z fI)T(t )dy dx

TEDR(I,t)

gives us the desired result. (Il

We finish this subsection by mentioning that the coefficients dy (ry(I),t+1— s, 1)
can be found using a dynamic programming approach similar to that in Subsec-
tion This makes cy j, efficiently computable, assuming one can efficiently take
n numerical integrals.

5.2. Finitely many cases of asymptotic down-up-down-up. Zhu [I6] made
the following conjecture.

Conjecture 5.6 (Down-Up-Down-Up Conjecture [16]). For any n € Z™,

dS({l}vn) > d3({2}an) < dS({?’}vn) > d3({4}an) <y

where the sequence goes up to [n/2].

By bounding ¢4y 3,¢(2},3, - - - using numerical integration, we can prove the fol-
lowing partial result towards the Down-Up-Down-Up Conjecture. It is partial in
the sense that it only proves the conjectured inequality between d3({i},n) and
d3({i 4+ 1},n) for a finite set of i, and also in the sense that our result is only for
large enough n.

Theorem 5.7. There is N € Zt such that for alln > N, d3({1},n) > d3({2},n) <
d3({3},n) > d3({4},n).

Proof. Using numerical integration software to evaluate the expression for c; in
Proposition 5.5, we found that

a{i}n) dd2hn) dd3hn)
nh—>ood({2} )~1.132101, nl_)oo a3y ) 0.826993, nl_)oo ({(a}.n) 1.043244.

O

6. ASYMPTOTIC INDEPENDENCE OF THE FIRST AND LAST ELEMENT OF A
k-DESCENT-AVOIDING PERMUTATION

Theorem gives the asymptotic distribution of the first element of k-descent-
avoiding permutations. Namely, this distribution is given by ¢ (x). Upon reverse-
complementing, we also get that the distribution of the last element is given by
k(1 — x). However, to show equidistribution (Theorem [T4)) in the next section,
we will want to make use of the joint distribution of the first and last element. It
is clear that the first and last element cannot both be m. Other than that, the
first and last element turn out to be asymptotically independent. In this section,
we state and prove this — the rigorous statement is Theorem The structure



ASYMPTOTICS OF DESCENT FUNCTIONS 25

and content of this section closely resemble those of Section @l We start with a
definition.

Definition 6.1. For k,n,my,ms € Z1 with 1 < mq,mg <n, we let fi(my, ma,n)
be the number of k-descent-avoiding permutations w € S, such that w(l) = my
and w(n) = ma.

6.1. A proposition on fi(mi, ms2,n). We will now state a proposition which is an
analog of Proposition.2] except instead of conditioning on just the value of the first
element, we now simultaneously condition on values for the first and last element,
m1 and ms. Instead of an equality, we now have to settle for two inequalities, but
the lower and upper bound will be relatively close.

Proposition 6.2. For k> 3, n,mq,my € ZT with 1 < my < mg < n, we have the
following inequalities

> (m1_2>fk (min(n — £,n+1—ma),n—{)

-1
¢
1<0<m,
¢=1" (mod k)
-1
— Z <77;1_1 )fk(max(l,n—€+1—m2),n—€)
kgé%ml

£=0 (mod k)
S fk(m17m27n) S

> (ml__11> fe (max(Ln — €4+ 1 —my),n—0)

7 14
1<0<m,
¢=1" (mod k)
-2
— E <77;1_1 )fk(min(n—ﬁ,n—kl—mg),n—é)
kgé%ml
¢=0" (mod k)

Proof. We let hi(mq,ms,?,n) be the number of permutations w € S,, such that
w(l) = mq, w(n) = me, w(l) > w(2) > --- > w(¥), and the restriction of w to the
last n — £ indices contains no k-descents. We use the convention that for ¢ > n,
hi(m1,me,€,n) = 0. Then by an argument essentially identical to that in the proof
of Proposition [4.2]

fe(ma,ma,n) = Z hy (ma,ma, €,n) — Z hi (m1, ma, €, n)

¢ ¢
1<6<my k<t<m,
(=1~ (mod k) 0=0" (mod k)

We proceed to bound the terms. We claim that

-2
<W21_ ] >fk (min(n —¢,n+1—mag),n — L) < hy (m1, ma, £, n)

-1
< (TT; , )fk (max(l,n —£+1—mso),n—{).
We first prove the lower bound. There are at least (";1:12) options for the initial

l-element decreasing sequence (we let this be any choice of £ — 1 positive integers
strictly less than m1 and not equal to mg), after which there are fi, (n — €+ 1 —p,n — £)
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options for the k-descent-avoiding restriction to the last n — ¢ elements, where p
is the value of the last element mqy in the relative ordering of the last n — ¢ el-
ements (p depends on the choice of an ¢-element decreasing sequence). We have
that max(1,mg — ¢) < p < min(n — £, mz). Using this and the fact that fx(m,n) is
non-increasing in m (for constant n), we get

fe(min(n—¢, n+1—mz),n—0) < fr(n —€+1—p,n—0) < fr (max(l,n —L+1—ma),n—k).

Multiplying the lower bound on the number of /-element initial sequences with
the lower bound on the number of options for the relative ordering of the last
n — £ elements gives the desired lower bound on hy (m1, ma, ¢,n). The proof of the
upper bound is similar, except now there are at most ("21:11) options for the initial
decreasing sequence, and each leaves at most f; (max(1l,n—£€+1—mg),n —k)
options for the relative ordering of the last n — ¢ elements.

The statement of the proposition follows from plugging in our bounds on hg (m1, ma, £, n)

into our expression for fi(my, ma,n). O

6.2. The asymptotic distribution of f;(m1,ms2,n). We move on to stating the
main asymptotic independence result.

Theorem 6.3. Fizk > 3. Forn,mi,mo € ZT with1 < m1,ms < n and my # ma,

) _ g (20 g (1 22) (14 0 (170)).

The reason we are calling this an asymptotic independence theorem is that it
follows from this and Theorem that for my # mo and w € Di(,n) chosen
uniformly at random,

P(w(1l) = m1,w(n) = ma) ~P(w(l) =mq) - P(w(n) = ma).

The proof of Theorem closely resembles the proof of Theorem (3] with
Proposition [6.2] in place of Proposition 2] and Theorem (.3 complementing Theo-
rem [3.1]

Proof of Theorem [6.3. It suffices to show that W is both lower and upper
bounded by ¢y, (%) Ok ( — %) (1 + O, (n_0'49)). We start with the lower bound

given by Proposition

n? fr,(m1, ma,n)

fe(n) B
n2 my — 2 : Vi 1 l
fr(n) Z (g_1>fk(m1n(n— s+ 1—ma),n 1)
1<l<m;
£=1" (mod k)
2 -1
_f:(n) ; (ﬂzl—l )fk(max(la”_ﬂl_m”’n_g):(*)
k<t<m;

£=0 (mod k)

Using Theorem [.3] we get
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(1) =" Z @1__12) o <min(n - iﬁ; 1- m2)> fr(n _f) (140 (n-0%))

fr(n) ne
1£g
(=1 (modk)
n? my — 1 max(l,n—£€+1—ma)\ fr(n—2) ~0.49
fwm 2 (e () B o),
k<t<m
{=0 (mod k)

Using Theorem B.1] we then get
my — 2 min(n —¢,n+1 —ma) n —0.49
_ 1+0 :
S (Ve () s 0 )

4
1<0<m,
(=1 (mod k)

B my — 1 max(l,n— £+ 1—mg) n 049
; (€—1>¢k< n—/ )(n—l)(n—2)---(n—£)r£(1+O( ))

E<f<my
{=0 (mod k)

Now, by an argument like in the proof of Theorem 3] the terms with ¢ > logn
only contribute O(1/n). We first consider the case m; > /n, and focus on terms
with £ < logn. We repeat some estimates from the proof of Theorem

(7)o G2)
(7)o i)

ORI rEr re (”O@»'

Plugging these into the current expression for our lower bound, we get

-1
=0+ ¥ o (TR tn o)) (zi_’“z)! (140 (no)

1<t<logn
(=1 (mod k)

(ml)f—l
Ly (et frtom)) el (10 ().

Tk n n—~{
k<t<logn
£=0 (mod k)
In [0, 1], ¢k is bounded below by a constant greater than 0, and the derivative
of ¢, is bounded as well, so @ (W) =p,(1-22)(1+0(%)). We

plug this in as well, getting

-1
my 1
(x) =0(1/n) + % S e (1 - %) % (1+0 (n™0%))

1<t<logn
(=1 (mod k)
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1 Z o (1 B @) (Tla) (1 L0 (n—0.49)) '

7 n (£—1)!
k<t<logn
(=0 (mod k)

This can now be approximated by a corresponding infinite sum, just like in the
proof of Theorem Skipping the identical steps, we get that the expression for
our lower bound becomes

=0t o () (- 2)

Now, we can get this to our desired form by noting that ¢y, is lower bounded by a
positive constant,

() =on (5H) on (1= 22) (140 (074))

So far, we are only done proving the desired lower bound for m; > y/n. We now
prove the desired lower bound for m; < y/n. We come back to the lower bound

T (o (B ot

¢

1<<m,
(=1 (mod k)

B myp —1 max(l,n — £+ 1—my) n 049
S (e () e 0

E<f<my
{=0 (mod k)

Consider just the first sum; it can be rewritten as

1 min(n —f,n+1—mg)\ (M1 —2)(m1 —3)...(m1 — ) O (n—049
1§§m1 (5_1)!9"’“( n—2¢ ) (n—2)---(n—O)rf (t+of )
(=1 (mod k)

Since % << n~ 95, all terms after the first one can be upper bounded by

a geometric series with first term O(n~%/2) and ratio O(n~*/2). The entire second
sum can be upper bounded by a similar geometric series. All in all, this gives that
the contribution of all terms other than the £ = 1 term is O(1/n). Skipping a few
steps again, we arrive at a lower bound of

1
~op (1 _ _) +0 (7049
-

Since ¢y, has bounded derivative and ¢ (0) = —, this is

Pk (%) (1 - —) +0 ( 0-49) +0 (n70.5) .

As before, the desired lower bound follows using the fact that there is a positive
lower bound on ¢y:

Pk (%) (1 - —) + O( 0.49) = Pk (%) (1 - _) (1 +0 ( 0.49)) '

The argument for the upper bound is completely analogous, and will be skipped.
This completes the proof. (I
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7. ASYMPTOTIC EQUIDISTRIBUTION

7.1. Concentration for discrete order statistics: a tale of more than one
Chebyshev. In this subsection, we prove a concentration result for certain discrete
order statistics. Recall that according to Lemma [5.3] if we are choosing a subset
of ¢ points from [n], and ¢ stays constant while n — oo, then the sth largest point
behaves just like a uniform [0, 1] sth order statistic. The main takeaway from the
next lemma is that if n — oo and t(n) — oo as well, then the sth order statistic is
quite close to being constant (that is, it is concentrated).

Proposition 7.1. Let s,t,n € ZT with1 < s <t <n. LetY be a t-element subset
of [n] chosen uniformly from all t-element subsets of [n]. Let Yy be the sth largest
element of Y. Then we have the following:

(1) E[Yy] = 25 (n+1).
(2) Var(Y,) < 2.

(3) B([Ys — gx(n+ 1) < 5f5) 21— t71/3,

Our proof of the first part of Proposition[ZIlis inspired by the following argument
which I learned in MIT’s Fall 2017 Putnam seminar (18.A34), taught by Yufei Zhao.

Let Z1,Z5,...,Z; be independent random variables, each chosen uniformly from
the (continuous) interval [0,1]. Defining Z = min(Zy, ..., Z;), our goal is to show
that E[Z] = t—+1 We let Z|,Z1,...,Z, be independent random variables, each

chosen uniformly on a circle of length 1. Note that if we cut the circle at Z|,
i.e. making it a segment [0, 1] starting at Z{ and oriented according to some chosen
orientation on the circle, the (joint) distribution of Z1,. .., Z] on this segment is the
same as the distribution of Z1, Zs, ..., Z;. Under this identification, the distance
between Z) and the next Z; (in the direction given by this orientation on the
circle) is equal to Z. For 0 < i < ¢, we define the random variable D; to be the
distance between Z] and the next Z; (according to the same chosen orientation on
the circle). Note that since the setup is symmetric under relabeling variables, D;
and D, are identically distributed, so in particular, E[D;] = E[D;]. Going around
the circle from some point Z;, we note that the segment from each Z; to the next
point is traversed exactly once, so the total distance is 1 = Dy + Dy + --- + D;.
Hence, 1 = E[Dy + --- + Dy;]. Together with linearity of expectation and our
previous observation that expectations of any D; and D; are equal, this implies
that 1 = (¢ + 1)E[Dy], giving that E[Dg] = H_Ll One can extend this to the
expectation of the sth largest Z; being 7 by replacing the D; in this argument
with the distance between the ¢th and (¢ 4 1)th Z; coming after Z; on the circle,
and summing over £ =0,...,s — 1 at the end.

In our case, we can start with n + 1 points on a circle, choose a subset of ¢ + 1 of
these, and argue exactly as in the continuous case, getting that the expected size

n+1

of any gap is 357 For the sake of variety, we give a different short argument along

similar lines.

Proof of Proposition [7.1] (1). With ) as in the proposition statement, welet Y7,...,Y;
be the elements of ) in order, and we define the random variables Dy = Y7, Dy =
Yo—Y1,...,D: =Y; = Yi_1,Ds11 = (n+ 1) — Y;. Note that for any Dy,..., Diiq
with all D; > 1 and Dy + --- + Dy11 = n + 1, there is a unique set ), namely the
one given by Y1 = D1,Yo = Dy + Do,..., Y, = D1 +---+ D;. So we get the same
distribution for Y if we choose it by picking a uniformly random sequence of (¢t +1)
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positive integers summing to n+ 1, Dy, ..., Dyy1, and then taking the correspond-
ing ). But in this latter formulation in terms of D1, ..., D11, it is clear that any
D; and Dj are identically distributed. So n+1=E[Dy+---+Diy1] = (t+1)E[D;],
from where E[D;] = 2. Hence, E[Y;] = E[D; + - -- + D,] = s%45, which is what
we wanted to show. ]

For the second part, we use a method for finding certain binomial coefficient
sums, along with some other tricks. Here is one of the other tricks, which will be
useful for proving negative correlation of D;, D;.

Lemma 7.2 (A partial Chebyshev’s sum inequality). Suppose we have a weakly
increasing sequence a1 < --- < a, and two weakly decreasing sequences by > --- >
bp>0andcy > --->c¢,. Then

(Z aibicz) (Z bi) < <Z aibi> <Z bici>.

Or equivalently,
Z Z ;bici

Let us first briefly explain why we are calling this a partial Chebyshev’s sum
inequality. For the sequences a; < --- < a, and byjc; > --- > byc,, Chebyshev’s
sum inequality gives the following:

bic;
Zaibici S Zaz%
A i

In words, the weakly increasing sequence a; summed against the non-increasing
sequence b;c; is less or equal to a; summed against the average of the sequence b;c;.
We can think of the second version of the inequality in Lemma as saying that

bici

a; summed against b;c; is less or equal to a; summed against b; % b which is the

unique sequence b;c with the same sum as b;c;. In other words, there is a sort of
partial averaging (only ¢; is averaged out) of the sequence b;¢;.

With this is mind, the most intuitive proof might be an inductive mass redis-
tribution argument, but we instead give a short algebraic proof in the spirit of
algebraic proofs of the rearrangement inequality and Chebyshev’s sum inequality.

Proof of Lemma[7.3 Note that for any i, j € [n], we have 0 < b;b;(a; —a;)(¢c; —¢;).
Expanding out, we get

aibicibj + ajbjcjbi < aibibjcj + ajbjbici.
Summing up over all pairs 1 < i < j < n, we get the desired inequality. ([l

As another remark, note that the special case b; = 1 is Chebyshev’s sum inequal-
ity. We proceed to give the proof of part (2) of our concentration result.

Proof of Proposition [71] (2).
Var(Y.) = Var(Dy + -+ Do) = > Var(Di)+2 Y Cov(D;, D;).

1<i<s i<j<s

Since the joint distribution of D; is symmetric in ¢, we can rewrite the above as

Var(Ys) = sVar(Dy) + s(s — 1)Cov(D1, Da).
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We first consider Var(D;) = E[D?] —E[D;]?. From the proof of part (1), we have

that )
n+1

E[D,)? = .
D] (t+1)

As for E[D?], we begin by writing down an explicit expression:

E[D?] = 2,’2P(D1 =)= Z}Za (t(?;) _ (_711) Zi2 (?__12)

t) i=1

We now write 32 in terms of a suitable “basis” to replace the above sum with some

simpler binomial coefficient sums. Namely, we use the “basis” of parameters that

are not summed over, as well as terms of the form (n—i+1)(n—i+2)---(n—i+?),
motivated by the fact that products of such terms and binomial coefficients are nice.

We write i? = (n—i+1)(n —i+2) — (2n+3)(n —i + 1) + (n + 1)%. Plugging this

into the sum, we get

) 1 " n—i+2 " n—i+1 o (M — i

E[D?] = @ (t(t—i—l); ( P ) (2n+3)t;< . ) +(n+1) ; (t_ 1)) :

We now use the hockey-stick identity Zf:'r (;) = (fi) to find each sum.

E[D?] = C’ll) (t(t+ 1)<’Zi22) - (2n+3)t<7;__:11> +(n+ 1)2<’Z>) .

Expanding the binomial coefficients and canceling terms,
E[D?] = (n + 2)(n + 1)HL2 @43+ 1)HL1 +(n+ 12

With some algebra, we get
n+1)2n—t+2)

t+1)(t+2)
From our expressions for E[D]? and E[D?], some more algebra gives
ttn+1)(n—t) _n?
(t+1)2(t+2) — 27

We will next show that Dy, Dy are negatively correlated, i.e. that Cov(Dy, D3) <
0. One could do this using the method for finding binomial coefficient sums outlined
above, but we instead opt to give two other proofs.

The first proof of Cov(D1, D3) < 0 uses Lemmal7.2l As Cov(D;, D2) = E[D1Ds]—
E[D1]E[Ds], it is equivalent to show that E[D; D] < E[D1]E[D3]. We have

E[D?) = {

Var(Dl) =

E[D1Dy] =Y i -P(Dy = i) - E[Dy| Dy = i]
=1

and
E[Di]E[D,] =) i-P[Dy = i] - E[Dy)].
i=1
We start by noting that for s = 1,...,n, the sequence a; := i is weakly increasing,
the sequence b, := P(D; = i) = (?:11) is weakly decreasing, and the sequence

¢i =E[Dy|Dy =i] = "_T”’l is also weakly decreasing.
Next, note that
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Z]P’ (Dy =1i) - E[D3|Dy = i] = E[E[D2|Dy] = Z]P’Dl_z Ds]
" S B(D1 = i) - E[Ds| Dy = ]

1) - 2 1=1

E[D
D2 JP(Dy = i)
Translating this into a;, b;, ¢;, we get
Z» biCi
E[Dy] = =

We can now express both E[D;Ds] and E[D;]E[D5] in terms of a;, b;, ¢;. Namely,
the inequality we wish to prove is

Zazb ¢ <ZaZ ZZ bcz

But this inequality is prec1sely given by Lemma-
The second proof of Cov(D7, D2) < 0 uses the following trick. Note that Dy +
-+ D41 =n+1is a constant, so

0=Var(D; + ...+ Dyy1) = (t + 1)Var(Dq) + ¢(t + 1)Cov(D1, D2),

from which

—Var(D
COV(Dl,DQ) = # S 0.
Having shown that Cov(D;, D) < 0, we now finally come back to
2 2
Var(Y;) = sVar(D;) + s(s — 1)Cov(D1, D) < sVar(Dy) < tVar(D;) < t:b—z = nT
This is what we wanted to show. g

As a side remark, we note that using the second approach, one can also write
down a precise equation for the covariance of D; and D3, and hence the variance
of Yy:

—Var(D;) (n+1)(n—1t)
Cov(Dy,Ds) = =—
OV( 1, 2) n (t+1)2(t+2)7

and hence

s —

Var(Y;) = sVar(D;) + s(s — 1)Cov(Dy, D3) = (1 - 1) Var(Dy)
(

_s(t=s+1)(n+1)(n—1t)
(t+1)%2(t+2)
Note that Y is minimal at s = [(¢ + 1)/2] and s = [(¢ + 1)/2], which is what
one might intuitively expect before making any calculations.
The third part of Proposition [1] follows from the previous two parts using a
more famous Chebyshev’s inequality, which says that a variance bound implies
concentration.

Theorem 7.3 (Chebyshev’s inequality). Let X be a bounded real-valued random
variable. Then for any real number ¢ > 0,

P (1X — E[X]| 2 ¢/Var(X)) <47
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Proof of Proposition[71] (3). This is just Chebyshev’s inequality with ¢ = /6,
followed by the fact that /Var(X) < % by part (2). O

7.2. The equidistribution theorem. In this subsection, we prove the following
equidistribution theorem.

Theorem 7.4. Fiz k > 3 and a € Zt. There is a real constant Ck.a > 0 such that
forn € Zt and I = {i1,ia,...,iq} C [n] with i1 > \/n, ij41 —i; > /0 for all j
with 1 <j<a-—1, and n —i, > /n, we have

di(I,n) = Ch.afu(n) (1 + O (nfl/ﬁ)) .

Calling this an equidistribution theorem is motivated by the fact that the con-
stant C, o only depends on k and a (and not on I, as long as |I| = a). In particular,
we have the following immediate corollary.

Theorem 7.5. Firk >3 anda € Z. Letn € Z*, I, I3 C [n| with || = |I5] = a,
and no two elements of I being closer to each other or 1 orn than \/n, and similarly
for Is. Then

dk (Il, n)

7([]@([2,71) =1+ 0, (n—1/6> .

The proof of Theorem [4] uses a similar random permutation framework as
Section [B

Proof of Theorem[7} Consider some w € Dy (I,n). We define v1 to be the restric-
tion of w to the first t; := i; — 1 indices. Then vy € Dy (D, ;). The next k indices
will be a k-descent. We define vy to be the restriction of w to the indices after
that and before the next k-descent at is, i.e. the vy is the restriction of w to the
to :=io—i1—k indices i1+k,i1+k+1,...,io—1. In general, for any j with 2 < j < a,
we define v; to be the restriction of w to the indices between the (j — 1)th and jth
k-descent — these are the t; :=4; —i;_1 — k indices 4,1 + Kk, i1 +k+1,...,i; — 1.
We let v,11 be the restriction of w to the indices after the ath (and final) k-descent
— these are the t,41 :=n—i, —k+1 indices i, + k,i, + k+1,...,n. Note that for
all ¢ € [a + 1], we have v; € Dg(0, ;).

We now switch gears to constructing a random permutation w € S,,. We deter-
mine a permutation w by randomly choosing various relative orderings and values.
Specifically, the random process is the following.

1. Deterministically fix the relative orderings of the prescribed k-descents.
That is, for any j € [a], we fix the relative ordering of the elements i;,%; +
1,...,45+k—-1tobek,k—1,...,1.

2. For ty,ts,...,tqet1, independently pick a uniformly random v; € D(0,¢;).
These will be the relative orderings of each of the a + 1 blocks formed of
indices not involved in a k-descent. That is, v; will be the restriction of
w to the indices 1,...,4; — 1, vy will be the restriction of w to the indices
i1+ ki1 +k+1,...,i2 — 1, and so on, until v,41 being the restriction of
w to the indices i, + k,ia + k+1,...,n.

3. Pick a uniformly random partition of [n—ak] into parts of sizes 1, ta, ..., a1
These will be the sets of values of each of our a 4+ 1 blocks in the relative
ordering of the union of their indices. (At this point, we have determined
the restriction of w to the union of the a + 1 k-descent-avoiding blocks.
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block 4 of length t4 =5

block 2 of length to = 14

and relative ordering vq = 42531

block 1 of length t; =8 and relative ordering va block 3 of length t3 = 8

and relative ordering vy = 64278513 and relative ordering vz = 62785341

FIGURE 5. kK = 4, n = 47, and w € S47 is a permutation with
k-descents starting at 7 = 9, io = 27, i3 = 39. The number of
k-descents is a = 3, and the 3 + 1 = 4 blocks avoiding k-descents
are shown in red.

4. (1) Pick a k-element subset of [n — (a — 1)k]. These will be the values
of the first k-descent in the relative ordering on the union of the [n — ak]
indices from the previous part and the k indices iy,71 +1,...,4; + k — 1.
Then (2) pick a k-element subset of [n — (a — 2)k] to be the values of
the second prescribed k-descent in the relative ordering where the indices
12,92 + 1,...,i2 + k — 1 are unioned in as well. Continue so up until and
including (a): pick a k-element subset of [n] to be the values of the last
prescribed k-descent at i4,i,+1,...7, +k — 1 in the relative ordering of all
[n] indices. Having finished this, we have determined the permutation w.

Figure Bl shows the k-descents, k-descent-avoiding blocks, and relative orderings in
an example w.

By what we observed in the first paragraph of the proof, each permutation
w € Di(I,n) can be generated by this process (in a unique way). However, not
every permutation generated by this is in Dy (I, n). In fact, a w generated like this
will be in D (I, n) if and only if each of the pre-determined k-descents is preceded
and followed by an ascent. That is, for such w,

w € Di(I,n) < Vj€la,w(i; — 1) <w(ij),w(i; +k—1) <w(i; + k).

Let us call this event £ ,. Then, by counting the total number of permutations
that can be constructed with the described procedure, we get

a+1

di(I,n) = H fr(t;)

n!
tylta! - top! (KD

P(Er.n)-

We claim that it now suffices to show that
P(Ern) = Cra (1 ) (n*/ﬁ)) :

where C}, o is a constant only depending on @ and k (and not on I). Indeed, if this
is given, then using this and Theorem B on the previous expression for di(I,n)
we get:
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de(I,n) atl n!

1
Ffeln) — fe(n) Jl;[lf’“(tj) t1!t2!~-~ta+1!(k!)“P(

= o, (140(n 0
N klrek ha "

We proceed to show that P(€7,) = Ckq (14O (n’l/ﬁ)). Let us consider the
state after completing step 2 of the above procedure. We claim that the joint
distribution of the first and last elements in each relative ordering is asymptotically
known. Namely, Theorem together with independence of different blocks gives
that for any sequence of integers

51,71)

min,mM2,1,M1.2,M22,M13,M23,...,M1a+1,T2 a+1
such that for all j € [a + 1],
ij 75 mz)j and 1 S ml,j,mg,j S tj,
we have
P(vi(1) =my1,vi(t) =maa,...,vep1(1) = M1 ag1, Vati(tat1) = Moaq1) =
mi,1 ma 1 M1,a4+1 M2 a+1
sDk(t1>(‘0k(1_ t1 )”.(‘Ok(twl )wk(l_ ta“) —0.49
= 2.2 (1+O(” ))
1 a+1

We now fix my ;, mo ; for all j and consider step 3. We call the values assigned to
the beginning and end of each block in step 3 respectively ¢1 1,421, ..., 41,041, {2,a+1-

g
n
n~1/6 of mt;ll is at least 1—n /%, By union-bounding, the probability that the anal-

By our concentration result Proposition [71] (3), the probability that is within

ogous statement holds for all ¢; ; and /5 ; simultaneously is at least 1 —O 4 (n_l/ﬁ).
The other case has probability at most O (n_l/ 6), which will be included in the
error term later.

We now claim that there is a continuous function 6 (z,y): [0,1]*> — [0, 1], con-
tinuously differentiable on [0,1]?, such that the following holds. We fix any se-
quence f11,%21,...,01,4+1,¢2,4+1 to be the values of first and last elements of
blocks assigned in step 3. Then the probability that we get the desired order-
ing in step 4.(1), i.e. there is an ascent before and after the k-descent at i, is

O (zz—l &_2) +0 (n_0'5).

n’'n

The proof of this claim boils down to estimating binomial coefficients, and is
similar to the proof of Lemma Note that we are choosing k elements from
[n — (@ — 1)k], for which there are a total of ("_(‘ﬁc—l)k) options. We wish to count
the number of options for which the largest of these k elements is greater than
the ¢5 1th of the other n — ak elements, which happens iff the largest is at least
l3 1+ k; and simultaneously the smallest of these k elements is at most the value of
the /1 oth of the other n — ak elements, which happens iff the smallest is less than
¢1 2. Motivated by this, let us now count the number of ways to pick a k-element
subset of [n] such that the largest element is greater than ¢ and the smallest
element is at most ¢;. The total number of choices of k elements out of [n] is

(Z), out of which (Zlf) have largest element at most ¢, and (”;el) have smallest

element greater than ¢;, with either (fzggl) or 0 choices having both, depending
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on whether /5 > ¢;. Hence, the number of ways to pick a k-element subset for
which the largest element is greater than 5 and the smallest element is at most ¢4
is (Z) — (ék?) — (ékl) + Loysey (42;&). So the probability of such a choice is
¢ ¢ Lo—1
GGy G

(&)

O @ e

N\ re\" by — 01\
=1- (—2) — (—1) + gy, < 2 1) + 0 (n70'5) ,
n n n

where the binomial coefficients are estimated like in the proof of Lemma by
splitting into cases according to whether we are choosing at most y/n or more than
V/n elements. Now we note that the last expression is 6, (2, %) +0 (n=0), where

ek(l',y): [07 1]2 — [07 1]7 (Ji,y) =1 (E - y + ]]_$>U(.’II - y)k

Note that 6y is continuously differentiable on [0,1]2, so there is a bound on
its derivative (over all points in [0,1]? and all directions). When calculating this
probability, the total number of elements was n instead of n — ak as in the initial
setup, {2 1+k was replaced with /241, and ¢; » was replaced with £; —1. However, all
of these are Oy q ( %) changes to an input of 6y, so since 6 has bounded derivative,
these contribute a O (%) change to the value of 6. Hence, the probability that we
get the desired ordering in step 4.(1), i.e., there is an ascent before and after the

k-descent at i1, is O (22 1 4, 2) +0 ( *0'5). The existence of such 6}, is what we

wanted to show. We now further claim that conditioned on any choice in 4.(1), the
probability that we get the desired ascents in step 4.(2), i.e., that there is an ascent

before and after the k-descent at i, is also 0y (f2 2 4, 3) + Okq (n_B), and so on

n’'mn

(conditioning on any previous choices) until 4.(a). The proof of this further claim
is almost exactly the same, with the only additional observations being that the
total number of elements is at most ak away from n at any step, and that an index
which has value ¢, ; after step 3. of the process will have value at least £, ; and at
most £, ; + ak when we get to deciding the values of the k-descent adjacent to it
in step 4. But there is a uniform Oy 4 (1/n) bounding these changes to inputs, so
again since 6 has bounded derivative, (conditional on any sequence of choices in
steps 4.(1), ..., 4.(j-1),) the probability of getting the desired orderings in step 4.(j)

is 0y, (Zz .1 él’ff) + Op,q (n70). The probability that we get the desired ordering
in all steps 4.(1) up to 4.(a) is then

l l 12 12 log l1a _
9k<21 12) 9k<22 13>. 9k(2 1+1)+O (n=0%).
n’' n n’' n n n
As noted before, there is a probability of 1 — Oyq (n™1/%) that in step 3, all M
~1/6

. Hence, with probability 1 — Oy, 4, after choosmg

are at most n

J
M., j, the probability that we get the desired ordering in all steps 4.(1) up to 4.(a)
is

" (mz,lj m1,2> 0, (m2,2, m1,3> Y (mz,a7 ml,a+1) + Ok (n_l/ﬁ) 7
t1 ta ta t3 12 tat1
where we have again used the fact that 6 has bounded derivative (together with
the fact that any input is changed by at most n~/¢. To find the overall probability,
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it remains to sum over sequences
min,m2,1,M1.2,M22,M13,M23,...,M1a+1,T2 a+1
such that for all j € [a + 1],
mi.j 75 ma j and 1 S mi j, M2 4 S tj.

Namely, P (£ ,,,) is the sum over all such sequences of the probability that we get
this sequence in step 2 times the probability of getting the right ordering in step 4
conditional on having this sequence in step 2. We have already found both of these
probabilities. Writing it out, we get

P(&rn) =
Pk (mtlll) Pk (1 - mfll) Pk (—mtlﬂl) Pk (1 - —mfil“)
a a —0.49
1 a+1

(mu,5) (u, )€ 2] % [a]
Vi,ma jFEma ;
Vj,1<ma,j,maz, ;<t;

(00 () (-0 () (o (B 52) o (2 5 00 (1))

The first Oy, 4 (nil/ %) term on the second line of this equation is the contribution

of the choices in step 3 where the gap between some l“—n’j and =L is more than
J

n~1/6. The (1 — Ok (n_l/ﬁ)) term is the probability that all gaps turn out to be

Lo, j w,j — .
g Mug | < p=1/6 in step 3.

n t;
We can now collect all error terms into one additive error term of O (n‘l/ 6) at
the front, getting

P (£1.) = Ora (n—l/ﬁ)

v el (i) e () e (- )
t] 1o

+

(M,3) (u) €121 x a]
Vi,ma,#ma,;
Vj,1<m1 j,ma ;j<t;

m m m m
O (ﬂj) " (LJ) '
ty to tq tat1
Now consider the following integral:

/ . ok (1) (1 — y1)0k (Y1, v2)pr (22) (1 — y2)0k (Y2, 23) - - Ok (1 = Yat1)-
[0,1]2(a+1

Note that the sum appearing in the expression for P (€7 ) is a Riemann sum for

this integral with cells of shape = x + x L x L x ... x 1 x 1~ minus the
t1 31 ta 12 tat1 tat1

terms coming from cells corresponding to m; ; = ms ;. The domain [0, 1]2(*+1) is

compact so the integrand is bounded. Since all ¢; > /n, the missing cells have

total area at most a—= = Oy, (n_0'5). The last two sentences together imply that
vn ;

the contribution of missing terms is at most Oy, (n_0'5). As for the difference
between the Riemann sum and the integral, since the derivative of the integrand
(at any point and in any direction) is bounded, the error from each cell is at
most its volume times Oy o (n70%), for a total error of Oy, (n7°?). Hence, the
difference between the sum in the expression for P (€r,,) and the integral is at
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most Og.a (n7%%) 4+ Op,a (n7°?) = Op.a (n7%%). Plugging this integral into the
expression for P (€r.,), we arrive at

P(Ern) = Ona ()4 [ ulon)on(1=0)00n a2 (o2)on (1=02)6h(v2. ) 11 =)
[0,1]2(a+1
Crucially, this last integral only depends on k and a (and not I or n). We can
make the error term multiplicative by noting that this constant Cj, , is greater than
0. This was what remained to be proven. ([l

8. OPEN PROBLEMS

One open problem is whether Conjecture 5.6l can be proven for any ¢ (but asymp-
totically in m) with our approach. This would probably require a better under-
standing of the constants cy ;. Another direction would be to prove versions of
Theorem [4.3] Theorem [5.1, Theorem [6.3] Theorem [7.4] with smaller error bounds.
For Theorem [7.4] one can also investigate the range of gap sizes between descents
(in place of y/n) for which an analog of the result holds, as well as try to find a good
dependence of the error term on the gap size. Two more open problem are whether
the discussion in Subsection 23] can be made rigorous, and whether there is a way
to simplify or explicitly understand the expression for Ty (x,y) in Proposition 2.12

It also remains open whether this method can be generalized to other consecutive
patterns in place of k,k — 1,...,1. We expect that with an approach like the one
in this paper, the main difficulty is in obtaining a nice expression for the analog
of pr(z), as we doubt that something as nice as Proposition will be available.
However, we think that analogs of Theorem [5.1] and Theorem should still hold
for other consecutive patterns. Before stating these as conjectures, we define some
notation for other consecutive patterns. For m € S and w € S,,, we let P;(w) be
the set of starting indices of consecutive patterns « in w.

Definition 8.1. For n € ZT and I C Z* a finite set, we let
Pr(I,n)={we S,: Pr(w)=1I} and pz(I,n)=|P.(I,n).
We call Pr(I,n) the consecutive-r-function. Furthermore, we let

pr(n) :=pr(0,n).

.....

Conjecture 8.2. For any k > 3, any m € Sk, and any finite I C Z™, there are
constants ¢ 1, € R with o > 0 such that

px(I,n) = cr 1pr(n) (1 + O (nfo‘)) .
We conjecture the following analogue of Theorem [T.4]

Conjecture 8.3. Fix k > 3, 7 € S, and a € ZT. There is a real constant C , > 0
such that for n € ZT and I = {i1,i2,...,iq} C [n] with i1 > /n, 441 —i; > /n
for all j with 1 < j <a—1, and n — i, > /0, we have

pr(I,n) = Ckapr(n) (1 + Orq (n_o‘)) )
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The following random process also seems interesting. We construct a random
permutation that avoids k-descents by inserting last elements one at a time (with
value between two previous values, chosen uniformly among options that avoid
k-descents). In this language, Theorem says that the distribution of the last
element is given by ¢y, and Theorem[6.3]says that the correlation between the value
of the first and last element is asymptotically small. One can ask about other prop-
erties of this random process, such as whether any two points are asymptotically
uncorrelated, and also investigate the formation of other patterns.
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